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Summary. The Barth's topography is cxpanded in a seriegs of
Shv

spherical harmonics up to the 3177 depree, thus extending the
© "'t}l
work of Prey, who gave an expansion up to the 10 degrece.,

The expansion coefficients have been calculated [or ooth the
lithosphere and the hydrosphere. The calculations were based

on 40824 points on the sphere, wherce the elevations were read

from the most up-to-date mapes available, These clevations all

entered dinto the calculations
*)

no smoothing procedure was

7

aprlied.

1. Introduction. In geophysics tlhie problem arises how to [lnd

some analytic expression for a function which 1s experimentally

determined over the surface of the Earth. Assuming that the
shane of the Earth may be approximated by a sphere, this can be
achieved by expanding tne function in a series of spherilical

harmenics. Such an expression for the topography of the Earth

nas leen given Dy Prey [“‘1 ] .

A reconsideration of Prey's work seemcd necessary for the

following reasons:

1) Since 1921 much more information has been cathercd con-
cerning the depthh of Tne oceans.
1i1) In Prey's cxpansion the highest degree of the spherical
harmonics is 160 which is too low [for some applicacions,
iii) I 19 guestionable whether Prev's evaluation of the algner

cxpansion coerficients 1S meaninoiul.,

St o -
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The guestion of improving on Prey's work was raised by Prolessor
m A, Vening Meincsz in connectlon witia NAB theory of the orlgln
of the continenty, based on convection currents in the Earth's
interlor [ 2];, [j]  For this he needed certain invariants wiilci
can be found Trom the cxpansion coefificlents. In fact the 1in-
vestigations which led to the present paper werc carried out on

his request.

XK

) Resecarch carried out under the dircction of Prof.Din Irn A, van
Wigngzaarden,



2. Formulas. If the function F(V,®) on a sphere, where vV and g
are spherical coordinates defined by x=r sincos @, y=r S81in vV sin

Z=1 COS zf’,, satisfies certain conditions, it can be expanded in 2

series of spherical harmonilics

(2.1) F(V, @) = E: F(V. @),
) ==
2 Il ____._,, 8 |
Fn(lf;,q?)m '5— A COS mg +Bn s1n mqﬂ) (cos V).
m=0
The functions Fﬁm(COSif) arc defincd by
1
= M “e2n+l (nem) e oo om,
(2.2) P_(cos V') :t 5 - ‘i P_"(cos )

where tThe Pﬂm(cos 7.7’) are associated Legendre {functions according

to the usual definition

- 5 @

(2.3) P (%) = (=1) ) (d ) (x“=1) , x=cos V.

m
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The multiplicative factor in (2.2) is chosen such that we have

the normalilization

2 y & | 1“ mre ..n’]. - S
The cocefficients An '5n ffollow 1 1rom

T ta
— T N ,_, S m = 1N BN et
(2.5) Anmmf cm(ﬁ)fnm(cog J)sin Vv a v, B, 1/ &;m(lﬁ')k’n (cos)siny d¥/,
O O
wWNere Cm(?f) 9 55‘51/11(2«?) are Fourier cocfificilents on a parallel circle

B "

o
(2.6) ¢ (V)= = j 0, @)oo ny dg , 8 (V)= o f
O

O

E‘ ﬁtf» 3in me ae
(m#0) ,

h1v

e (V)= == j “’“(J;,cj&)dc.y
O

ﬁ — I , s :
If we represent the function Pn (cos V') by the trigonometrical

series
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- m . B _m N o M, s m
(2.7) P (cos V') w%anﬁkcou kv P (cos V') m%blhkaln k Vv
(m cven) (m odd)
and 1f we define the intcgrals
TT T
(2.3) (co)kmm / cm(ﬁ)co:‘ﬂ ki sind dv (cg)mnm[ am(ﬁ)cos kv sinv dv
O O
.m . m v *
(Sc)kmm f Cm(z?)szy_n k¢ sinv av (s_‘ss)mﬂmf s (V)sin k¥ sin/ dv
0 O
we find from (2.5)
m m m - m o
(2.,9) AI’] m%aﬂyk(cc)kﬂl 5 Bl’"l m% aﬂﬁk(bo)]{{]ﬂ (I’I’l LV@ﬂ)ﬁ
m o m m 11 o :
A m%bnyk(.gc)km ,.,, B ......%{:bm}k(.b.t.;,k_-,,)]r{m (m odd).

The summation index k in (2.7) and (2.9) rung through the values
k=0{2)n for n even, k=1(2)n Tfor n odd,

: . L ™ * ' %" ‘ e . | o
If two functions F(V,¢) and F7(V,¢) arc expanded in the same
system of spherical harmonics according TO (S .1), the following
important gquantity can be deilincd

2 TC O
(2.10) Q, (F,F7) = IFF:’] dcyf AT B (P 9)F T (V).
O O

Using formula (2.4) and the orthogonallty relations of spherical

nnnnn

harmonics one can c¢xpress this integral in terms of Anmj Enmj Amm*
and B_ % by ’
9
. % 10, O, Q% - m, 1% S oM, Mm%
(2.11) Q (F,E™) = 4 [ 20, O, T S (n,"n ¥ 4B M M) L

Tt hags been shown by one of us [4] that this guantity is 1n-

dependent of the coordinate system on the spaere. BY substlitution

in (2.10) of F=I""= F,+pF, One finds the useful result

(2.12) QA (kF + BF,, & F +pBF) =

== OC?'Q, (F
)

f, . o _
,lﬁF,]) + C"..d-ﬁ QJN(F/].?FE))"}—/:} @ﬁn(Fgﬁ"l“ig)'
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3. Computation, We calculated the coetfficients Anm and Bnm defined
by (2.1), for n=0(1)31, m=0(1)n on the electronic computer ARMAC
f'or both the lithosphere Flith (ﬁ}qﬁ and the hydrosphere
thdp¢@7ﬁq0, The latfter was obtained from the former by replacing
all positive elevations by zcro.

The coordinate system on the Earth was chosen as follows:

T - " o
V = /2 - Northern Latitude (Northern hemisphere)
TC ﬁ i @
v = /2 + Southern Latitude (Southern hemisphere)
9 = Eastern Longilitude relatlive Co Greenwich (Castern
hemisphere)
¢ = 2% - Western Longitude (Western hemisphere).
Tl 1 - -2 . _, J ( i ) =~ -5 ’ {y e 3 \
e elevations B, . = F(V. , ) were gilven at the points

"LBJ 1'5 J

N . 1

Zﬁj"_m 7?51:0 (34—4-1-); l“m:O(/l)']BG; tfd<1>m TE( J T -.-?-—2-)5 Jm’](’})N )
1

Thus we had 187 parallels with the approximate zeros of P487(coslf)
as J£5 cach with a number oif polnts Ni varying from 72 near the
noles to 360 on the eguator. The total number 40,324 of points

that entered into the calculations was distributed as in tThe
following 1list.,

N, | 72 14h 216 288 360

 0-25 26-40  U41-50 51-65

161-1680 146-160 130-145  121-135 0b-126

In the neighbourhood of the poles where no precise data werc known
the elevations were estimated.,

In order to facilitate the calculation of th@‘%ngﬂmi%nlof (2.0)
we introduced a new variable @qu%~mi5 with dim'mgﬁ/szﬂ/N
On a parallel ¢ takes the discrete values §ﬂ(l)m‘2ﬂ7 j/N
jmﬂ(ﬂ)Ni so that for all N, we nave E?Nﬂ(l)mOvzﬁ
We can derive from (2.0), using that for a periodic function £(¢)

2T o TC ok
holds [  f(¢)de = | L or(e)ae
O A
il
(3.1) om(zﬁ') = "é”m(J*)cos m e, - "é“m(zf)gin m e,
s, (V) = 5 (V)cos met, + L (V)sin mety
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where Cm and 8 are Tthe shifted Fourlicr coefiicicnts

2
— 4 - —- -
(3.2) ¢ (V) = — F(V, ¢ +ol, Jcos my oy |

s (V) = 1 i F(V/, Eﬁ-~|~cati)f:3:im meg dg m#0 ,

These coefficients for m=1(1)31 were computed ffor ecach parallcl,

Y

approximating (3.2) by

1 .
- AT
) = & S F. cos S——d
:-L .3 J PIJ;L

(3.3) c_(V

i

o (J’_i ) ...i‘:":..... ) . &1in 2 , 1"?’1;‘;(0_?

S
o S
1
‘_s.
!}?-/‘}_}:: |
By

Application of (32.1) then gave us the Cva}

N@Xt W{_. COmpUtf’id fO]ﬁ k“ﬂO(/‘l )3/‘ tlﬂfj ir}t(#&]pﬂ lf% (E}QB) 3 fbor' U"if{_n m
( @ The Le LT APE -

CC and (e  Por odd m the (oc). . anad
( ) km ( ’ ) Lm - ( - ) Lo
Gauss gquadrature formula for p ordinates rcads

T -

(3 e)‘!") / f(ﬁ)ﬁih L7 s ?.7- o z o f(b?i)iﬁj*_n v""h

f 1 1
1L=0
®

where the atwﬁdjﬁﬂm;zzlsmma'uhc Zeros Ol PD(COS'J{) and the weilghts
) | 7y - L

. P _ ,:ﬂ)
. . I - } o -
are dotormined DYy W imié s1in” V. /o [ 5 o (cos 7 'i) ] .

For larce ndd valucs of p once can doprlve the approximation

(3.5) VY, =

We used (3¢5) with p=187 8o that Tac integrals URJI)%MW%~GOmput@d

by means of the formula

(3.6) f P(W)ein oV ad = % S £(/))sin g
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wWe chose p=187 with a view to obtaining a ¢ -interval Of about
one degree, exactly representable in not too many figures. In

. Oy
ffact we haa.az7moﬂ96.

) o m : : H.L T T
Thoe coefficlentTs Ah shels ﬁn were thon calculated according TO
{ rn - m N s oy - oo -
(2.9). £ table of the a_ . and b, occurring in these formulas
p 7

and a description of the method by which they were calculated

ig given in 2 sceparate repovt [ ]

From thce two sets of coefficicerts, for lithosphere and hydrosphere
we finally ecvaluatced by aid of (2.11) for n=0(1)31 the quantitics

Qn(plith Fllth ) Q‘“n(thﬂr’, '?Fh‘”d r. ) and QN(J 11Th hydl" ).

It . Discussion. Comparing Prcy's computations with ours we can make
the following remarks.

E

i) It took Prey several years to obtain expansion coefficients
of decgrees up to 16, Since the amount of work - particularly tThe
number of multiplications - is about proportional to the third
power of the highest degree to be calculated, only the use ol an
elcctronic computcr made 1t pogsible to proceed to degrees nearly
twice as large.

1ii) The normalization (2.2) of the Legendre functilong cnabled us
to work with fixed-point numbers as no Iactorials occurred In our

2 - i £ . . . - . LT L s - g m . -rn- .
computation. Multiplication of Prey's coelliclents AT} and B [e}Y;

o

{
2 Nn+m) ! |2 7 o
[ =TT TEom T malkkes them comparable with our valuoes.
, el B

4

1id) Prey calculated on each parallecl 32 Touricr coetrflicicnts from

L _ad

»

32 ordinates. For highcer orders, howoever, Thesce numbcers are tril-
>onometrical interpolation cocfficionts rathner than the coeffficlents

of the unlimited Fouricr expansion. Thig is due to the [fact that
tlhic values numeracally obtained are lincar composita of the exact
ccm'”flx;1@hiwj.'WiiﬁllgaortHUmﬁtqmﬁ<wmo has (cfﬂ.%ﬁ.ga Moanley [fij

C s =C__+ ;;: Ch .- +C oL - Choogine ag an cxample N=32
( TJTWWMHTKNML m =" (”MNmm VN+m) 2L el | S -

m="15, one indn 0:4%>numurieﬁ1* uMﬂq(,.aﬁWhich is an obviliously

wrong result for Fourlcr serles aa slowly convergent as 10 turns

” R .

out to be in the prescent case., An analogous objectlon will hold

- ~ ﬂ ) ﬁ o th
f'or the ¥V -dircction where Prey calculated coefficients up to 16
degree from only 17 ordinates.
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In our calculations the parallels ncecar the eguator contained 360
points from which we dcrived only ©3 Fourier coefficients. The

parallels nearer to the poleg contained less points, 1T 1is Trueg,

o
ooooo

multiplied by tThe factor oin ﬁq. Actually the number of Dolnts on
each parallel is roughly equal to 300 sin ﬁan Again, from 137

ﬁ . ~ ST
parallels we calculated only cocfficients up to the 37 degree.,

but the resulting cocfficilents are only uscd after having becen

iv) In order to restrict the number of data entering 1nto the
calculations one might apply a smoothing tcecchnigque. It may bpe
remarked that the cxpansion coelficients of a function [(V,¢)

obtained from the original function F(V,¢) by any smoothing

procedure are not identical with the corresponding coef'ficients
of F(J,¢) but in general are functions of all of them.

This deviation grows with increasing ordcr and can becomec con-
siderable. The requlred coefficients are to bc found from a set
of equations by a rather laborious calculation. 1t may be objected
to Prcy's work that although he applles A smoothing procedure TO
his data he omits this last step. The capaclity of the ARMAC was

simpler program above reducing the number of data.

For comparison we give here, for degrees up TO n=4%, a 1ist of

Prey's coefficients of the lithosphere reduced to our normalizatlion,

togecther with our valucs. Further we plotted the topography ol the

equator from the original data and compared 1t with rcconstructlons

from Prey'!s coefficlients (;ig,ﬂ)ﬂ from our coefficients up tO Nn=-16

(As high as Prey, fig.2) and from all our coctfficients (fig.3).

- . Gy ot 4 ¥ - . ¢ ) T‘ 5 T
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